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Abstract. This paper addresses the issue of supporting the end-user
of a classifier, when it is used as a decision support system, to clas-
sify new cases. We consider several kinds of classifiers: Statistical or
machine learning classifiers, which are built on data, but also direct
model-based classifiers that are built to solve a particular problem
(like in viability or control problems). The end-user relies mainly
on global information (like error rates or global sensitivity analysis)
to assess the quality of the result given by the system. Class mem-
bership probability, if available, describes certainly the local statis-
tical viewpoint. But it doesn’t take into account other contextual in-
formation: Cases with high value of class membership probability
can also be close to the decision boundary. In the case of numerical
state space, we propose to use the decision boundary of the classi-
fier (which always exists, even implicitly), to describe the situation
of a particular case: The distance of a case to the decision boundary
measures the robustness of the decision to a change in the input data.
Other geometric concepts, such as the maximal maximal ball, can
present a precise picture of the situation to the end-user. We show
the interest of such a geometric study on different examples.

1 INTRODUCTION

Many real applications of Decision Support Systems are based on
classification systems, and a great number of fields are concerned:
Scoring, case analysis, diagnosis or pattern recognition, etc. (See [15]
for examples of applications with decision trees). Numerous types
of classifiers are developed: Rule-based systems; Statistical and ma-
chine learning classifiers, with a great number of methods and algo-
rithms (see [9], [14] for references); And direct model-based clas-
sifiers, which are developed to solve a particular problem. Statisti-
cal and machine learning classifiers, when used as decision systems,
provide as an outcome the class label of a new input case, possibly
with some estimate of the class membership probability. Generally
some information about the performance of the classifier as a model
is also available (error rates or a confusion matrix). Works have also
been done concerning data visualization (see for instance [6]). The
end-user of a direct model relies in the best case on some sensitivity
analysis at the model level, as does rarely the end-user of a machine
learning classifier. The influence of parameter changes is studied at
the model level (with experimental design and response surface anal-
ysis, see [19] for methods and applications). But sensitivity study or
performance rate at the model level carry no information about a par-
ticular case. And even conditional probability estimates, which carry
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information about the probability of the case to belong to the pre-
dicted class, don’t say much about the link between a particular case
and the predicted class [10]. Two cases which have the same class
label and the same class membership probability can be very dif-
ferent in other respects. One case can be very close to the decision
boundary (the boundary of the inverse image of the different classes
in the input space), which means that a small change of its attribute
values can change the decision. The other one can be far from the
decision boundary, which means that a sizable perturbation is nec-
essary to change the decision. This type of information concerns the
context of the decision and not its probability. It can be seen as a lo-
cal sensitivity analysis with the same viewpoint as in [18]. In the case
of numerical state space, when it is possible to define a metric, we
propose a geometric method in order to produce a contextual descrip-
tion of the result given to the end-user, using part of the information
encompassed in the classification system but which is generally not
used. We study the relative position of the decision boundary. This
gives information about the robustness of the decision to perturba-
tion or to uncertainty about the input case. If a case is far from the
decision boundary, then a considerable change in its attribute values
will be necessary to change the decision. On the contrary, if a case is
close to the decision boundary, only a small change is sufficient.

The paper is organized as follows: Section 2 underlines the lim-
its of the probabilistic information. Section 3 describes the geomet-
ric analysis concepts and algorithms. Section 4 presents some ex-
perimental results on both machine learning and direct model-based
classifiers.

2 LIMITS OF PROBABILISTIC VIEWPOINT

The probabilistic viewpoint in classification problem considers that
the result (the decision) associated to a case is completely described
by the class membership conditional probability estimate. Obviously
this information is very useful to assess the validity of the result.
Choosing decision ’D’ with probability 0.95 is rather different from
choosing the same decision with probability 0.55, or worse with
highest probability 0.4 in a three-class problem.

However, the probabilistic viewpoint lets aside important contex-
tual information about the case. Figure 1 shows two cases whose
class membership probability is the same and nevertheless the con-
textual situation is rather different. In particular, the robustness of
each case to possible perturbation is very different: The distance of
A from the decision boundary is much smaller than the distance of
B to the same boundary (the distance from B to p(B) is very large
compared to the distance from A to p(A)). From what we know of
the human perception of probabilities (see [17] for references), ob-
viously the end-user would not consider the decision for case ’A’ or



Figure 1. True class membership probability for a two class problem
defined by a Gaussian distribution centered on G and a uniform distribution
on a disc centered on U. The decision boundary is in black and white. Points
A and B have the same class membership probability (0.86), although A is

much closer to the decision boundary than B. (p(A) and p(B) are their
respective projection onto the decision boundary).

for case ’B’ in the same way, despite the probabilistic outcome.
Besides, in many situations, conditional probabilities are esti-

mated, so they may be inaccurate. Even if the classifier result is pro-
vided as a class membership probability estimate, and if the end-user
has some information to assess the reliability of this outcome (for ex-
ample, error rates estimated on new cases, see [10]), it can be useful
to have additional information. Probabilistic information is basically
statistical; If the end-user uses the classifier repeatedly, (and when
the estimates are correct), the success rate will match the probability
estimate. But for a particular case, the end-user would appreciate a
larger description of the situation.

3 A GEOMETRIC APPROACH TO
CONTEXTUAL INFORMATION

3.1 Geometric robustness
We propose to evaluate the robustness of the decision to perturba-
tion of the input case to give this information to the end-user as a
mean to assess the situation described by the decision support sys-
tem. After the building stage, which depends on the type of classifier
(supervised learning, modeling, etc.), the end-user submits new cases
to the classifier which predicts their class label. The classifier works
like a decision function, it associates a class label c(x) to each vector
x of the input space. We consider here classification systems operat-
ing on numerical data, such that it is possible to define a metric on
the input space E. For convenience we consider in the following that
E is a finite-dimensional vector space, namely Rd. Since a decision
function performs a partition of the space, we define (classically) the
robustness s of the decision at point x as the largest distance δ such
that the class of points in the open ballB(x, δ) is the same as x class:

s(x) = max{δ ≥ 0 : ∀y, d(x, y) < δ, c(y) = c(x)}

We define a sensitive move m(x) at x as the smallest vector v such
that the robustness of the decision at x+ v is zero:

m(x) = argminv∈E{‖v‖ : s(x+ v) = 0}

In a colloquial, non-technical sense, the decision at point x is very
sensitive when it cannot resist perturbations. Formally here it means
that the robustness at x is near zero. Basically, if the robustness at
x is s(x), it means that the decision given by the classifier will be
the same even if a perturbation is applied to x, as long as the size of
the perturbation is smaller than s(x). For example, in figure 1, the
robustness of case A is ‖p(A)−A‖. It is very small. On the other
hand, the robustness of case B, ‖p(B)−B‖ is approximatively the
value of the standard error.

Robustness against perturbation gives complementary information
to any statistical information given by the classifier (either the class
with the highest probability estimate, or a vector of class member-
ship probability estimates). Actually, a decision can be almost sure
(a class with a probability estimate equals to or near one), and nev-
ertheless very sensitive. This is the case for instance for determining
the state of a dynamical system near bifurcation point. This is also the
case for decision depending on a threshold, like means-tested bene-
fit, choice of a device depending on weight or age, etc. In all these
situations, it is important to inform the end-user about the robustness
of the decision given by the classifier. With this additional informa-
tion, the end-user can adapt his decision strategy (which can depend
on decision cost, risk perception, etc., see [17].) On the same idea,
sensitive moves carry relevant information to the end-user. Each sen-
sitive move gathers a set of the smallest combined changes of each
state variable that are necessary to change the decision. The end-user
can use this information to attempt to change the decision if it is not
satisfying (for instance, in diagnosis or corrective maintenance ap-
plication); He can also use it to appreciate the risk of a change in the
decision, when there is uncertainty on the value of the attributes.

Since every classifier induces a partition of the input space that
defines a decision boundary Γ as the union of the boundaries of the
different areas corresponding to the different classes, the distance of
point x to the decision boundary is the robustness at x by construc-
tion. This distance is reached for some points of the boundary, which
form the sensitive moves. The geometric study is then based on the
computation of these projections onto the decision boundary.

When the decision boundary is described by an analytical formula,
or by a set of constraints, it is possible to compute the exact value of
the distance to this boundary, and also the projection points for all
points of the input space, with efficient polynomial algorithms (see
[4] for general convex problems; [2] and [22] for decision trees).

When the boundary is described with an implicit formula or in ex-
tension, it is necessary to approximate the distance and the projection
with numerical algorithms, as in mathematical morphology.

For any compact subset of E, we propose to approximate the dis-
tance to the decision boundary in a discrete space. For simplicity, we
assume that this compact subset is the unit hypercube H of E. We
define GN the regular grid with N points per dimension: GN has
Nd elements x̂ = (k1, . . . , kd), ki ∈ {0, N − 1} corresponding to
x = (k1/(N −1), . . . , kd/(N −1)) inE. The discretized boundary
Γ̂N ⊂ GN is defined as follows:
Let x̂ ∈ GN and let x be its corresponding point in E,

x̂ ∈ Γ̂N if and only if d(x,Γ) ≤
√
d

N − 1
(1)

(
√
d is the diagonal length of the unit hypercube and (N − 1) the

rescaling coefficient).

Theorem 1 Let y ∈ H and x̂N , the nearest point of y in GN . Then
the exact distance of x̂N to the discretized boundary Γ̂N , approxi-
mates the distance of y to the decision boundary Γ in H , Γ ∩H



Proof:
Let P (y) be the projection of y ∈ H onto Γ ∩ H and P̂ (x̂N )

be the projection of x̂N ∈ GN onto Γ̂N . For the Euclidean
distance (but similar inequalities exist for other distances), let
εN =

√
d

N−1
. By construction of Γ̂N , there exists P̂ (y) ∈ Γ̂N

such that d(P̂ (y), P (y)) ≤ εN and P (x̂N ) ∈ Γ ∩H such that
d(P̂ (x̂N ), P (x̂N )) ≤ εN . Then, thanks to triangular inequality,
d(y,Γ ∩H) ≤ d(y, P (x̂N ))

≤ d(y, x̂N ) + d(x̂N , P̂ (x̂N )) + d(P̂ (x̂N ), P (x̂N ))

≤ d(x̂N , P̂ (x̂N )) + 2εN

For the same reason, d(x̂N , P̂ (x̂N )) ≤ d(y,Γ ∩H) + 2εN
�

When we consider the Euclidean distance, it is also possible to
approximate the Euclidean projection onto the decision boundary.

Theorem 2 Let y ∈ H and x̂N , the nearest point of y in GN . Then
the projection of x̂N onto the discretized boundary Γ̂N , approximates
the Euclidean projection onto the decision boundary in H , Γ ∩ H ,
outside the skeleton4 of the connected parts of the class areas, as N
goes to infinity.

Proof:
Let P (y) be the projection of y ∈ H onto Γ ∩ H and P̂ (x̂N )

be the projection of x̂N ∈ GN onto Γ̂N . (P̂ (x̂N ))N is a bounded
sequence, so it has a convergent subsequence toward a point Q.
Since d(P̂ (x̂N ),Γ) ≤

√
d

N−1
, Q ∈ Γ. Moreover, from Theorem

1, d(y,Q) = d(y, P (y)). Since y doesn’t belong to the skeleton,
P (y) = Q.�

3.2 Computation of the distance and projection
Algorithms that compute the distance over a grid have an exponential
complexity with the dimension of the space. This is the reason why
it is essential to consider algorithms with an optimal complexity.

When the distance and projection are computed at each point of
the grid, the minimal complexity is at least linear in the number of
points, that is in O(Nd). Mathematic morphology provides such an
algorithm, the Distance Transform (DT) algorithm, as described in
[13]. We modified the algorithm in order to compute at the same
time the Euclidean distance and the Euclidean projection.

This algorithm is defined on a hyper rectangle of Nd, therefore the
area of the input space for which the distance is computed has to be
first mapped to a hyper rectangle in Nd. This means in particular that
two neighbors on any axis of the grid are at the same distance. The
algorithm computes (with integer arithmetic) only the exact distance
of each point of the discretized space to a subset S̄ of Nd.

The algorithm consists in two steps, the first step computes the
distance and nearest point of the boundary on the first axis. It labels
the points of the boundary if needed; The second step is called d− 1
times and adds an axis to the previous subspace of dimension k − 1,
as described in Algorithm 1. It updates the distance value and the list
of projection points in the new subspace. To each norm is associated
a function that specifies how the distance in dimension k subspace is
computed from the distance in dimension k − 1.

For example, with the Euclidean distance, the square distance in
dimension k subspace is given by a parabola: If gk−1(X) is the
square distance between X and some point of the boundary, com-
puted on the first k − 1 axes, and if uk is the unit vector of axis k,

4 The skeleton S of A is the set of the centers of all maximal open balls in A
(see [12] for a study of its topological properties. We suppose here that the
skeleton is the complementary set of a dense open set)

then the square distance in the dimension k subspace, gk(X) is at
most gk−1(X). Applying the Pythagorean theorem, it is also at most
gk−1(X− l.uk)+(xk− l)2 for 0 < l < N , and the min value gives
the result. But the computation of all these values is suboptimal.

The algorithm is optimal, since instead of computing all the dis-
tance values, it considers a set of distance functions and computes
their lower envelope. For example, for the Euclidean distance, it con-
siders the set F of parabolas:{

FX(i) = gk−1(X) + (i− xk)2
}

(0 ≤ xk < N)

The square distance for all xk, 0 ≤ xk < N is given by the lower
envelope of F .

The key point is the fact that two parabolas in F intersect at most
once in N2, and that the intersection is very easy to compute: FX

intersects FY when 2(xk − yk) divides (x2k − y2k + gk−1(X) −
gk−1(Y )).

This is the reason why it is optimal: The computation of the enve-
lope is reduced to a matrix searching problem, which complexity is
in O(N) in this totally monotone case (see [7] and [1] for details),
so the overall complexity is in O(Nd). It is also the reason why the
algorithm works for other distances, as long as this key point can be
maintained.

For the Euclidean distance, the building function and the intersect
function are defined by:

FX(i) = gk−1(X) + (i− xk)2

intersect(FX , FY ) = truncate(x2k − y2k + gk−1(X)− gk−1(Y ))

÷ 2(xk − yk) (2)

The same distance transform algorithm can be used to compute
other distances. For example, the sup norm distance is more appro-
priate than the Euclidean distance when the attributes cannot sub-
stitute for one another. For the sup norm, the distance in dimension
k subspace is computed from the distance in dimension k − 1 with
truncated V -shaped function:

FX(i) = max(gk−1(X), |i− xk|) (3)

The V -shaped function has its vertex at abscissa xk and is truncated
at the value gk−1(X), since the distance of the sup norm in dimen-
sion k is the max of the distance for the first k − 1 axes and of the
distance along axis k, that is |i − xk| at step i. Contrary to [13] and
[7], we use the following formula for the intersection of truncated
V -shaped functions FX and FY (with xk ≤ yk):

intersect(FX , FX) =


max((xk + gk−1(Y )), ((xk + yk)÷ 2))

if gk−1(X) ≤ gk−1(Y )

min((yk − gk−1(X)), ((xk + yk)÷ 2))

otherwise
(4)

Algorithm 1 SquareEuclideanDistanceToSet
Input: The distance (or square distance) gk−1 computed on the
k − 1 first axes of G, the list pk−1 of labels of the projection points
Result: gk computed on the k first axes for each point of
G = [0, N − 1]d, the updated list of labels pk
For allX = (x1, .xk−1, xk+1, .xd) ∈ [0, N − 1]d−1 do {
q ← 0; s[0]← 0; t[0]← 0; f [0]← g[s[0]]

/* s is the stack of building functions (bf),
t the stack of bf intersections, f the stack



of bf minimums as in FX
s[q](i) = f [q] + (i− s[q])2 */

*Building function recruitment
For i ∈ [0, N − 1] do {
While (q > 0 and FX

s[q](t[q]) > FX
i (t[q])) do {

/*the present building function dominates*/
q ← q − 1 }
If q = 0 Then {

/*present building function replaces all*/
s[0]← i; f [0]← g[i] } Else {
w ← 1 + arg(intersect(FX

s[q], F
X
i ))

If w < N Then {
/* present building function is recruited
from q+1 */

q ← q + 1; s[q]← i; t[q]← w;f [q]← g[i]}}}
*Assignment: following the building functions envelope
flag ← NULL
For i from N − 1 to 0 do {
If flag 6= NULL Then {

/*skeleton: Add also previous value */
gXk (i)← FX

s[q](i); pXk (i)← pXk (s[q]), f lag }
Else {
/* normal case */
gXk (i)← FX

s[q](i); pXk (i)← pXk (s[q]) }
flag ← NULL
If i = t[q] Then {

/* present and next points have two
projections (skeleton)*/

flag ← pXk (s[q])
q ← q − 1

/* add next projection point to the list */
pXk (i)← pXk (i), pXk (s[q]) }}}

Return gk, pk

With other algorithms coming from computational geometry [5],
it is possible to compute the Voronoi diagram of the points of the
discretized boundary. The complexity of these algorithms are in
O(nLogn) where n is the number of points of the boundary. Since a
boundary is generally locally isomorph to a co-dimension 1 man-
ifold, the complexity is in O(Nd−1LogN), on a grid of size N .
But when the boundary is implicit, it is given by the complemen-
tary set of one class, which is of the same magnitude than the grid
itself (O(Nd)). So in this case the DT algorithm is more efficient.

The DT algorithm applies to nondimensionalized data, so model
experts have to propose a suitable coordinate system in which the
input state becomes an Euclidean space. Since the geometric study
takes place after the building of the classifier, some information about
the input space is generally available (range of the data, estimate of
the mean, standard error, etc.), either from the data that where used
during the building phase, or from domain expert. Two basic met-
rics can be used when only few information is available on the input
space, the Min-Max (MM) metric and the standard (s) metric, corre-
sponding to two different coordinate systems (see equation 5, where
Ei and si are estimates of the mean and the standard deviation of
attribute i, and Min(i) and Max(i) are the minimum and the max-
imum of the range of attribute i).

yMM
i =

xi −Mini

Maxi −Mini
or ysi =

xi − Ei

si
(5)

The Min-Max metric can be preferred when the variables are sensor
measurements, since the accuracy of physical sensors is generally a
function of the total range.

In the new coordinate system, the input space becomes an inner
product space. Apart from the Euclidean distance, other distances
like the sup norm (L∞) or Manhattan (L1) can be used. The sup norm
is generally preferred when the uncertainties for each attributes can
combine freely. It is the case for example, in process control, when
different controls are applied each with its on uncertainty.

4 EXPERIMENTATION

Although the complexity of the algorithm is exponential with the di-
mension, table 1 shows that it can be used in many situations up to
dimension 5. We have considered two different problems. In prob-
lem A each class is a half-space of the input space. In problem B
one class is inside a half-sphere centered on one axis, and the other
class is outside. We used one core AMD Opteron(tm) Processor 8378
clocked at 2,4 GHz and 90Go of DDR-2 RAM.

Table 1. Examples of computation time (and total number of points)
depending on the state space dimension and the number N of points per axis

Halfspace problem: Dimension

N 8 7 6 5 4

10 34m58s 2m37s 0m11s 0m1s 0m0.1s
20 * 195m44s 8m44s 0m19.45s 0m1s

points * 1, 28.109 6, 40.107 3, 20.106 1, 60.105

25 * * 30m52s 0m57s 0m2s
31 * * 93m53 2m14s 0m3s

points * * 8, 88108 2, 86.107 9, 24.105

60 * * * 69min1s 0m47s
100 * * * * 5m53s
177 * * * * 61m43s

Halfsphere problem: Dimension

N 8 7 6 5 4

10 36m52.3s 2m44s 0m12s 0m1s 0m0.1s
20 * 175m35s 9m11s 0m20s 0min1s
25 * * 32m47s 0m57s 0m2s
31 * * 96m29s 2min18s 0min4s
60 * * * 68m42s 0m48s
100 * * * * 6m5s
177 * * * * 58m43s

4.1 Examples with Machine learning classifiers

We develop here an example of support vector machine (SVM),
which is a very popular classification method (see [20] for refer-
ences), since SVM algorithm finds the hyperplaneH with the highest
margin that separates the data and minimizes the norm of its normal
vector (in a high dimensional space where the data can possibly be-
come separable). We also develop an example of naive Bayes classi-
fier (NBC), which is more appropriate to estimate class membership
probabilities. But the method applies to any classifier as soon as the
input space is numerical.

We built a SVM on a 2-class problem in a 5 dimensional Euclidean
input space. 1000 points per class are drawn from a standard Gaus-
sian distribution. One class is centered on (0, 0, 0, 0, 0) and the other
on (2, 2, 2, 2, 2). Points are labeled respectively. A SVM classifier
was built on these training points, using R kernlab package ([8])
with default parameters: C classification, radial basis kernel func-
tion with heuristic estimation of its sigma parameter, and estimation



Figure 2. 3d-section (u5 = u4 = 0) of the distance computation to one
class boundary in a 5 dimensional state space. The boundary has no color.

of the posterior probabilities with a sigmoid function fitted on the re-
sulting SVM function values of a 3-fold cross validation performed
on the training data (as in [16]). The error of the SVM on the train-
ing cases is small (0.0135). We then computed the class membership
probability and the distance to the implicit boundary of the proba-
bilistic model on a grid of about 11.106 points (26 points on each
dimension). Figure 2 shows a section of the distance computation.

As it is explained in section 2, there is no reason why the pos-
terior probability and the distance to the decision boundary should
be correlated, except near the decision boundary. Table 2 sums up
correlation results, obtained using Spearman’s rank correlation coef-
ficient (that is Pearson’s correlation coefficient between the ranked
variables). The distance and the posterior probability are highly cor-
related for values of the probability near 0.5. On the other hand, there
is very few correlation for the high values of the class membership
probability. Very similar values were obtained on a smaller grid (16
points on each variable): (for example, for class 1, 0.277, 0.160, 0.05,
-0.02 instead of 0.267, 0.160, 0.044, -0.031 for respectively the 40%,
30%, 20%, and 10% of highest values of the posterior probability).

Table 2. Spearman’s rank correlation coefficient between the distance to
the decision boundary and the class membership probability p

ρ Quantiles of |p− 0.5|
highest values smallest values

Class 10% 20% 30% 40% 30% 40%

p > 0.5 -0.031 0.044 0.160 0.267 * 0.782
p < 0.5 -0.105 -0.005 0.151 0.044 0.832 0.758

ρ is between −1 and 1, 0 means no correlation.

It is also possible to find points with class membership probability
near 0.5 (for example, above 0.45), and yet very far from the deci-
sion boundary. Conversely, points (more than 1000) relatively near
the decision boundary, (closer than the standard deviation), can have
a class membership probability over 0.99. For these points, the direc-
tion given by the projection point can help the end-user to assess the
risk of a decision change associated with a perturbation in the input
data.

We trained a naive Bayes classifier on a 2-class problem in a
4-dimensional Euclidean input space, with 400 points per class,
from Gaussian distribution centered on (1,1,1,1) and (3,3,3,3) respec-
tively, with rather different standard deviation vectors, (1/2,1,1,2) and
(1.4,1.2,1,0.4) respectively. Since the NBC algorithm builds Gaus-
sian distributions as estimate of the class membership probabilities,
the distance to the decision boundary is necessarily correlated to
the latter (since level curves are ellipsoids): For the 10% of highest
values of the posterior probability, the correlation coefficient is still

0.40. But the main interest of the method is that is can help to focus
on dangerous situation such as in Figure 1. Figure 3 shows an area of
the input space where points with high class membership probability
can be very close to the decision boundary.

4.2 Application to a direct model-based classifier:
A viability kernel for the eutrophication lake
problem

We consider here an example of classifier for which the decision
boundary is not available analytically. This method is used in partic-
ular to model usage conflicts in environmental engineering, when the
dynamics of the socio ecosystem are known as a dynamical system
in a state space E. The set of acceptable states (from both ecological
and socioeconomic viewpoints) is defined by a set K of constraints
in the state space. Possible actions on the socio ecosystem are repre-
sented by controls. In that framework, using the concepts and meth-
ods of viability theory [3], the viability kernel delimits the area of the
state space where there is always a sequence of controls that allows
the system to verify indefinitely the constraints. The viability kernel
can be seen as a classifier: Viable states are inside the viability kernel.
The decision boundary is the boundary of the viability kernel.

The illustration we develop here is the problem of lake eutroph-
ication, which is the sudden shift from clear-water (oligotrophic)
to turbid-water (eutrophic) state. Oligotrophic state has obviously a
tremendous higher economic value of ecosystem services. The is-
sue is to determine whether the lake can remain in an oligotrophic
state or if it is doomed to become eutrophic in finite time. The
problem can be modeled by the dynamic between phosphorus con-
centration P and phosphorus inputs L (excess phosphorus is im-
ported by farms, through fertilizer and animal feed supplements).
The main constraints are that agriculture requires a minimum value
forL,Lmin, and oligotrophic state requires a maximum value forP ,
Pmax. In this model, regulation laws are constraints on

∣∣ dL
dt

∣∣ ≤ V :
this means that the regulation law cannot set the maximum amount
of phosphorus inputs, but rather imposes a decrease of the phospho-
rus inputs, for example by a percentage each year. This decrease is
bounded by V . The viability kernel is the subset of the (L,P )-plane
that gathers all states (L,P ) such that there exists at least one regu-
lation law that allows the oligotrophic state to be maintained [11].

The information of the distance to the viability kernel boundary is

Figure 3. 3d-section (u1 ≈ 1.74) of the class membership probability
(one class only) in a 4 dimensional state space. Point M has a low class

membership probability (0.099), and this suggests that it is fairly in one class
side, although it is very close to the boundary (d=0.3). Its projection p(M)

belongs to the same section, it is reached along the x-axis.



Figure 4. Distance map for the viability kernel boundary of the lake
eutrophication problem (with Pmax = 1.4, Lmin = 0.1, V = 0.09). The
black line is the viability kernel boundary. The dot dashed line is the set of

equilibriums. p(A) (p(B)) shows the direction and size of the most sensitive
disturbance at point A (B respectively). Some trajectories are computed

with constant negative or null control. Long dashed trajectories that leave the
viability kernel are not robust.

valuable because of measure uncertainty or exogenous disturbances
(which may cause a sudden increase in phosphorus concentration for
instance). Figure 4 shows the viability kernel with the level curves of
the distance to its boundary. The geometric study shows when a state
is dangerously close to the decision boundary. For example, point B
stands very close to the boundary compare to A: it is less robust to
perturbation. The projection onto the boundary shows the direction
of the most dangerous disturbance. Figure 4 shows that when the lake
is in stateB, a small increase of phosphorus input (L) combined with
a very small error in the phosphorus concentration (P ) can shift the
state of the lake outside the viability kernel, where it is doomed to
become eutrophic at some time in the future.

The geometric study also gives global information concerning the
problem: Point M is the center of the maximal maximal ball in
the viability kernel. It is the farthest point from the boundary with
d(M,Γ) ≈ 0.36. This distance can be compared with (half) the size
of the constraint set (0.9/2 = 0.45 along L). So this viability ker-
nel has a reasonable size, it should be easy to find action policy that
guarantees an oligotrophic state.

Furthermore, the distance to the viability kernel boundary allows
to propose geometric definitions of the robustness of trajectories in-
side the viability kernel. For example:

Definition 1 Robustness of a trajectory.
Let u : t 7−→ u(t) be a trajectory in the viability kernel V iab(K).

We note ΓV its boundary. The robustness value of u is r(u) =
mint{d(u(t),ΓV iab(K))}.

With this definition, the trajectories starting fromA andB which are
dashed lines in Figure 4 have a robustness value of zero: they leave
the viability kernel in finite time. Other trajectories starting from A
with constant (negative) control have a strictly positive robustness
value, and we can see in Figure 4 that r(u2) > r(u1). This geometric
indicator, based on the distance to the boundary, can help to choose
between control sequences.

In this example, which was chosen for illustration purpose, the
dimension of the input space is 2. But the same kind of geometric
approach can be used up to dimension 5 problems, as in [21] for a
dimension 5 problem of cheese ripening process.

5 CONCLUSION
Considering statistical or direct model-based classification systems,
we aimed at providing information on the robustness of the deci-
sion facing a change in the input data. Robustness is measured as the
maximal strength of the perturbation in the input data which does
not provoke a change in the decision. Such a local information is
neither contained in global information such as error rates or model
sensitivity analysis, nor in local statistical information.Robustness is
linked with geometric concepts : the diameter of the maximal ball
contained in one class area provides an upper bound of the robust-
ness for all the elements of this class, whereas the distance between
a particular point and the boundary of its class area and its projection
on this boundary provides the intensity and the direction of the per-
turbation with minimal norm that would lead to a decision change.
We have proposed optimal algorithms to compute these geometric
concepts and carried them out on some examples: machine learning
and a direct model-based classifiers (viability kernel).
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